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This thesis focuses on two major portfolio selection approaches: the
traditional mean-variance approach and the heuristic approach based on risk
budgeting. The main results from mean-variance are reviewed, as well as some
novel results, followed by new contributions in the area of calculating expected
functionals of the optimal wealth in a log-normal market. The available theory
behind the risk budgeting approach is revisited, with the main arguments for
and against the approach explained. The equally weighted portfolio, referred
to as the risk parity portfolio, is compared against other heuristically derived
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This text focuses on the mean-variance and the risk budgeting ap-
proaches to portfolio selection, and is divided into three parts.
In the first chapter, the Markowitz approach to portfolio optimization
is reviewed, and the basics of expected utility theory are presented, with dif-
ferent findings throughout the academic literature. In addition, some novel
results about the probabilistic properties of the optimal wealth process are re-
visited. The main new contribution presented follows, where a new method of
calculating expected functionals of the optimal terminal wealth in log-normal
markets with one risky and one risk-free asset is derived.
The second chapter focuses on heuristic, risk-based approaches to port-
folio choice. More specifically, the basics of risk budgeting are presented, with
basic mathematical formulations. A brief review of the main points of the
existing literature is presented. Different existing heuristics of optimizing for
the risk budgeting portfolio are included.
The third and last chapter focuses on one specific form of the risk bud-
geting approach: the equal-risk-contribution portfolio referred to as risk parity.
Existing research findings on the effectiveness and comparison of risk parity
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with other approaches are included, including other heuristic approaches, as
well as the traditional mean-variance paradigm.
2
Chapter 2
Traditional Approaches in Portfolio Theory
2.1 Mean-Variance Optimization
Modern portfolio theory has seen exponential growth after the ground-
breaking work by Markowitz (1952a). By taking into account the expected
returns and variances and covariances between different assets, Markowitz de-
rives the efficient frontier and optimal allocation to each asset. The expected
return is used as the investor seeks to maximize the return of their portfolio.
By considering the covariances between assets, the effect of the dynamics be-
tween prices of different assets, as well as volatilities of individual assets, are
incorporated.
This method, known as the mean-variance approach, remains one of
the widely used to this day, despite the availability of other methods that
consider higher moments of the terminal wealth (such as Fama (1965)). As
Elton and Gruber (1997) point out, the inclusion of higher moments, which
adds additional computational and data requirements, is not shown to have a
great effect in reaching the investor’s goals. The intuitive interpretation of the
theory is another reason why Markowitz’s work has become the foundation of
modern portfolio theory and is extensively used in practice.
3
2.2 Expected Utility Theory
Different approaches stemming from Markowitz’s work have been pre-
sented by Sharpe (1964), Merton (1969), Roll (1977), and many others. Among
these, one of the most influential is the work of Merton. In his sequence of
papers (Merton (1969, 1972, 1975)), the original approach of expected utility
maximization is introduced and analyzed in continuous time. Namely, the
most basic market considered is one composed of a risk-free and risky asset,
where the price dynamics of the latter are described by a geometric Brown-
ian motion. By using a diffusion process to describe the price dynamics, this
work opened the door to the extensive mathematical literature on diffusion
processes and its use in portfolio optimization. Another very interesting and
valuable contribution is the consideration of a general utility function. In the
approach proposed by Markowitz and its extensions, the quadratic utility is
standard. However, the ability to theoretically assign any utility to the pro-
posed framework makes Merton’s approach extremely powerful, both from a
theoretical and a practical perspective.
Regardless of whether we consider the original mean-variance optimiza-
tion proposed by Markowitz, an extension to it, or we consider another ap-
proach entirely, the use of utility as a concept is imperative if we are to decide
what is the optimal portfolio allocation for a specific investor. The utility
function used can be understood as the embodiment of the individual prefer-
ences of the investor, and thus the optimal allocations in various assets should
heavily rely on the utility function used to hopefully reflect the investor’s in-
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terests. This is why it is important to understand different utility functions
and portfolio optimization using those.
In the original paper, Markowitz (1952a) outlines the mean-variance hy-
pothesis for choosing the optimal portfolio without focusing on the investor’s
preferences in the form of a utility function. As Constantinides and Malliaris
(1995) point out, it is only assumed that there exists a utility function with
certain properties: it favors higher expected returns and lower variance of the
terminal wealth, as well as some more technical properties, such as monotonic-
ity. More specifically, a quadratic utility is assumed in this work. Later that
same year, Markowitz (1952b) presents another paper where he argues, mostly
with heuristic arguments, for a concave-convex shape of the utility function as
applied to wealth. However, this is not connected immediately to his work on
optimal portfolio choice.
It was Merton (1969) who first developed and outlined the expected
utility framework while considering a general, strictly concave utility function
U(·). In a market with one risk-free and one risky asset whose price is governed
by a geometric Brownian motion, he proposes the objective to be E[U(XT )|Ft]
(his original writing displays this with consumption and in slightly different
notation). It is obvious that now the utility U(·), representing the investor’s
individual preferences, plays a central role in determining the optimal portfolio,
as would be expected.
Following Merton, other researchers have also demonstrated some re-
sults in connection to the use of utilities in portfolio theory. Hanoch and
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Levy (1970) study the quadratic and cubic utilities, and conclude that the
mean-variance criterion and other commonly used procedures are insufficient
to guarantee the dominance of a portfolio, and they can be improved. A cubic
utility is found to be favorable in some situations. Furthermore, results on
extensions of the Merton problem have been derived for certain forms of util-
ity functions. Stoikov and Zariphopoulou (2005) consider incomplete markets
and provide explicit solutions for the optimal consumption and investment
strategies under a power utility. Kraft (2005) also considers a power util-
ity function, and provides closed-form solutions under the Heston model with
stochastic volatility of the price dynamics of the risky asset.
While various stochastic optimization techniques and approaches can be
used to solve expected utility problems in continuous time, explicit solutions
such as the ones mentioned above are rarely available. In the cases with a
special form of the utility function as pointed out above, the problem becomes
homogeneous and the value function inherits the same form and is separable
in time and space (see, for example, Merton (1969)). Outside these utility
classes, only general results exist that either characterize the solution as the
solution to the associated Hamilton-Jacobi-Bellman equation or relate it to
the solution of the dual problem.
Going beyond the class of homothetic utilities and deriving easier-to-
interpret solutions has been an open topic for many years. Recently, Mostovyi
et al. (2020) proposed a rather general class of utilities, the ones that have
completely monotonic inverse marginals. Such utilities cover the homothetic
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ones and also approximate very well the general utilities. The complete mono-
tonicity yields an elegant representation via the Laplace transformation of an
underlying measure (for example, the power utility corresponds to a Dirac
such measure in a finite interval (1, a)). In the paper mentioned above, the
authors established that under rather weak assumptions in the market, the
inverse marginal utilities inherit the complete monotonicity and can be, thus,
represented in closed form. Herein, we revisit this class and derive closed-form
expressions for expected functionals of the optimal wealth process. Detailed
results appear in Lalkov and Zariphopoulou (2020) and are new.
2.3 Log-Normal Markets
The classic portfolio problem, as laid out by Merton (1969), has an
investor looking at investing over a period [0, T ] with a fixed horizon T . There
are two assets to choose from: a risk-free asset (for example, a savings account)
and a risky asset (for example, a stock). The risk-free asset offers a constant
interest rate r > 0, and its price can be described by
dBt = rBtdt, (2.1)
where Bt is the price at time t, t ≥ 0. On the other hand, the price dynamics
of the risky asset, denoted at time t (t ≥ 0) as St, is modeled as a geometric
Brownian motion. Let’s define a standard Wiener process Wt on the filtered
probability space (Ω,F,P; {Ft}) with Ft = σ(Ws : 0 ≤ s ≤ t) being the
corresponding filtration. Then, the stochastic price process for the risky asset
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mentioned above is of the form
dSt = St (µdt+ σdWt) , (2.2)
where the drift µ and volatility σ are fixed constants and S0 > 0. Additionally,





which is well-defined since we assume µ, r, σ ∈ R+.
The goal of the investor is to maximize the expected utility of the
terminal wealth, denoted by XT . They start with an initial investment at some
time t ∈ [0, T ), and with an initial wealth of Xt = x. At any point in time
s ∈ [t, T ], the present value of funds invested in the two assets are π0s and πs
for the risk-free and the risky asset, respectively. Hence the total present value
of the investment at time t can be expressed as Xπs = π
0
s + πs, where the pair
(π0s , πs) is taken from the set of admissible strategies A that are self-financing.






Xπs ≥ 0, s ∈ [t, T ]. With an initial wealth Xt = x and s ∈ [t, T ], the wealth
process Xπs can be expressed as
dXπs = σπs (λds+ dWs) . (2.4)
Representing the preferences of the investor at time T , the utility func-
tion at this time is U : R+ → R+. It is assumed to satisfy the well-known
conditions: strict concavity, strictly increasing, C4(0,∞),
lim
x→0
U ′(x) =∞ and lim
x→∞
U ′(x) = 0. (2.5)
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The inverse of the marginal utility U ′(·) is
I(x) = (U ′)(−1)(x), (2.6)
for which we assume that, for some ε > 0, it satisfies
I(x) ≤ ε+ x−ε. (2.7)
Maximizing the expected utility of terminal wealth, the investor’s value func-
tion is then of the form
u(x, t) = sup
π∈A
E [U(XπT )|Xπt = x] . (2.8)









where x > 0 and U is the utility at time T , as defined above. The risk
tolerance coefficient is assumed to be strictly increasing for x > 0 and RT (0) :=
limx↓0RT (x) = 0. Furthermore, for intermediate times t ∈ [0, T ], we define
the local (absolute) risk aversion γ(x, t) and the local (absolute) risk tolerance
r(x, t) as
γ(x, t) = −uxx(x, t)
ux(x, t)
and r(x, t) = − ux(x, t)
uxx(x, t)
, (2.10)
where u is the value function as defined in (2.8).
The solution to the problem described by (2.8) has been the focus of
research for many scholars, and it has been successfully solved with explicit
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forms of the optimal policies π∗,xs as the result. A unique approach to this
problem is provided in the work of Musiela and Zariphopoulou (2010) and
Kallblad and Zariphopoulou (2014), whose main results are provided below.
The first result provides the definition of the spatial function associated
with the optimal wealth process.
Proposition 2.3.1. Let I : R+ → R+ be the inverse terminal utility function
as given in (2.6), with the growth condition as provided in (2.7). Furthermore,
we define H : R× [0, T ]→ R+ by







where u(x, t) is the value function as seen in (2.8) and λ is as defined in (2.3).
Then, the following hold.




λ2Hxx = 0 (2.12)
with the terminal condition
H(x, T ) = I(e−x). (2.13)
ii. The function H(x, t) is strictly increasing for t ∈ [0, T ], and it is of full
range: limx→−∞H(x, t) = 0 and limx→∞H(x, t) =∞.
iii. The local absolute risk tolerance function r ∈ C2,1(R+×(0, T ]), as defined
in (2.10), satisfies






with H(x, t) as the solution to (2.12) under the terminal condition (2.13).
After defining the spatial function H(x, t), now we turn to results in-
volving the spatial inverse, H(−1)(x, t). For proofs about any proposition, see
work by Musiela and Zariphopoulou (2010) and Kallblad and Zariphopoulou
(2014).








H(−1)x (x, t) = γ(x, t), (2.16)
where r(x, t) and γ(x, t) are the local absolute risk tolerance function and the
local absolute risk aversion functions, as defined in (2.10). Hence, the spatial
and temporal increments of the spatial inverse function H(−1), respectively, can
be written as











Following the results introduced above, the optimal wealth and port-
folio processes can be expressed in terms of the spatial function H and the
spatial inverse H(−1). This is summarized in the following proposition.
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Proposition 2.3.3. The optimal wealth, X∗,xt , t ∈ [0, T ], with Xt=0 = x, and
the optimal portfolio process, π∗,xt , are given by
X∗,xt = H
(

















H(−1)(x, 0) + λ2t+ λWt, t
)
, (2.21)
where H is the spatial function and a solution to (2.12) under the terminal
condition (2.13).
Now, we present the results of Monin and Zariphopoulou (2014) on the
probabilistic properties of the optimal wealth and associated portfolio process.
For proofs, please refer to the full text by Monin and Zariphopoulou (2014).
The first result provides the cumulative distribution function and the
probability density function for the optimal wealth process.
Proposition 2.3.4. Let r(x, t) and γ(x, t) be the local absolute risk tolerance
and local absolute risk aversion, respectively, as defined in (2.10). Also, let λ
be as defined in (2.3). The following statements hold.
i. Denoting the cumulative distribution function of the standard normal dis-
tribution by Φ, the cumulative distribution for the optimal wealth process
X∗,xt at time t, for t ∈ (0, T ] and X
∗,x
0 = x, is of the form






















ii. Denoting the standard normal density by φ, the density for the optimal
wealth process X∗,xt at time t, for t ∈ (0, T ] and X
∗,x
0 = x, is given by


























Corollary 2.3.1. The optimal wealth at time T , X∗,xT , has a cumulative dis-
tribution function of the form
























The next result provides the expectation of a functional of the optimal
wealth, which was then used by Monin and Zariphopoulou (2014) to provide
expressions for the expectation and variance of the optimal terminal wealth.
For proofs, please refer to their original work.
Proposition 2.3.5. Let H be the spatial function as defined in (2.11), (2.12)
and (2.13), and let λ be as given in (2.3). Take a function of polynomial
growth g : R+ → R and let G : R× (0, T ]→ R be given by
G(x, t) = g (H(x, t)) . (2.25)
Then, we have the following, ∀t ∈ (0, T ]:











Corollary 2.3.2. The expectation and variance of the optimal wealth X∗,xt at
any time t ∈ (0, T ] are respectively given by
E[X∗,xt ] = H
(




V ar(X∗,xt ) = v
(
H(−1)(x, 0) + λ2t, t
)
, (2.29)
where v : R× (0, T ]→ R+ satisfies
v(x, t) =
(
H2(·, t) ∗ ξ(·, t)
)
(x)−H2(x, 0), (2.30)
and ξ is as in (2.27).
This section is concluded with some new results derived by the author
and T. Zariphopoulou. The findings presented below are related to the repre-
sentation and study of expected functionals of the optimal terminal wealth for
the rich class of completely monotonic inverse marginal (CMIM) utility func-
tions. For further reading on the results listed below, the reader is referred to
Lalkov and Zariphopoulou (2020).
The proposition 2.3.5 provides a way in which one can calculate func-
tionals of the optimal wealth at any given time t. The following result shows
a different way of calculating this for the optimal terminal wealth.
Proposition 2.3.6. Let H(·, ·) be as outlined in Proposition 2.3.1 and H(−1)(·, ·)








= F (H(x, t), t). (2.32)
Assume H(x, T ) to be absolutely monotonic on x ∈ [0,∞) and f(·) to be non-
negative and non-decreasing.
Then, there exists some non-negative and bound measure ν(·), such that




(−1)(x,t)+λ2( 12 z2−z)(T−t)dν(z). (2.33)
Proof. Using the Feynman-Kac formula, the function F (·, ·) as defined above
solves a differential equation of the form{
Ft(x, t) + λ
2R(x, t)Fx(x, t) +
1
2
λ2R2(x, t)Fxx(x, t) = 0
F (x, T ) = f(x)
, (2.34)
for x ∈ R and t ∈ [0, T ], with the underlying wealth process (under the same
probability measure)
dX∗,xt = λ
2R(x, t)dt+ λR(x, t)dWt, (2.35)
where
R(x, t) = − ux(x, t)
uxx(x, t)
(2.36)
is the local absolute risk tolerance function.
Rewriting the equation (2.34) in terms of G(·, ·) as it is defined above,
recalling that
R(x, t) = Hx(H
(−1)(x, t), t), (2.37)
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H(x, T ) = I(e−x)
, (2.38)
we obtain the following:{




λ2Gxx(x, t) = 0
G(x, T ) = f(H(x, T ))
. (2.39)
Assume that the function H(x, T ) is absolutely monotonic on [0,∞).
By Bernstein’s theorem on monotone functions, there exists some non-decreasing
and bounded measure µ(·), such that













as the unique solution.
Assume that the function f(·) is non-negative and non-decreasing.
Then, the function G(x, T ) can immediately be deduced to be absolutely
monotonic, since it is a composition of an absolutely monotonic function and
a non-decreasing, non-negative function on [0,∞):
G(x, T ) = f(H(x, T )) = (f ◦H)(x, T ). (2.42)
Again by Bernstein’s theorem on monotone functions, there exists some non-
decreasing and bounded measure ν(·), such that





Let’s assume that the solution to equation (2.39) with the terminal condition










2( 12 z2+z)(T−t)dν(z). (2.45)
Noting that





we deduce our final result:




(−1)(x,t)+λ2( 12 z2+z)(T−t)dν(z). (2.47)
If the preferences of an investor are known, we can deduce the spatial
inverse H(−1)(·, ·), obtain the measure ν(·), and calculate the moments of their
optimal terminal wealth using this result. An example follows below.
Example 2.3.1. Let an investor’s preferences be described by





where x > 0 is the investor’s initial wealth, αi ∈ R and Ai ∈ R are some
constants. Furthermore, we set
f(x) = xn, n ∈ Z+. (2.49)
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Then, we would have
G(x, T ) = f(H(x, T )) = [H(x, T )]n . (2.50)
Using the multinomial theorem, we can write

























where the sum is taken over all possible combinations of non-negative integers












we can abbreviate the previous expression as





It can be verified that
Gn,m(x, t) = Cn,me
xdm+λ2( 12d2m+dm)(T−t) (2.54)







Finally, we obtain the moments of optimal terminal wealth as









The sound theoretical foundation and intuitive construction of the
mean-variance approach of modern portfolio theory, as discussed in the pre-
vious chapter, explain its popularity and wide use in investment management
practice. However, the theory originally presented by Markowitz (1952a) in
discrete time and considerably extended by Merton (1969) into a continuous-
time setting requires a pair of crucial assumptions. One is that the variance,
and thus the standard deviation, of prices of assets, is a good measure for
risk. The other assumption is that the prices of the assets themselves follow
a certain process that we assume – in the case of Merton (1969), he assumes
a log-normal market and thus a geometric Brownian motion to describe price
dynamics. The question of whether these assumptions are reasonable arises
naturally, and the portfolio optimization approach becomes inherently suscep-
tible to erroneous assumptions about the markets. The latter assumption has
been extensively studied, such as in the work of Lo and MacKinlay (1988).
By considering weekly stock returns and performing a simple volatility-based
specification test, the authors reject the random walk hypothesis for the stock
prices. Since Brownian motion is simply a limit of a symmetric random walk
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in time and space, this reasoning could be extended to the hypothesis that
asset prices follow a geometric Brownian motion.
Despite the extensive literature and numerous theoretical results based
on the mean-variance approach, there certainly are limitations to its practical
implementation. Among many others, Maillard et al. (2010) mention the fact
that the mean-variance solutions tend to output a portfolio that is concen-
trated on a small group of assets out of the many more made available in a
portfolio selection problem. While this is certainly a limitation of the approach,
a far more grievous one is the fact that the very solution to the mean-variance
portfolio implementation problem depends explicitly on the expected returns
of the assets. Merton (1980) himself tried to address the issue of modeling
expected asset returns by introducing different estimation techniques and pos-
sible directions of research. Not much has been done on that front in literature
and the task has been proven to be an extremely difficult one. Hence the re-
striction of using the mean-variance approach, and the possibility of it not
necessarily producing the optimal portfolio in practice.
An alternative approach to the mean-variance framework for portfolio
choice is provided by what is known as risk budgeting. According to Berkelaar
et al. (2006), risk budgeting is best understood in the context of risk manage-
ment, where risk management itself is composed of three stages. The first
one is risk measurement and is concerned with identifying and measuring risk,
whereas the second one is risk attribution, where we try to identify sources
of risk and its sensitivity to exposures to these sources. The third stage that
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is outlined is risk allocation, and determining future risk exposures is its fo-
cus. If we consider this last stage of risk management and reformulate its
main focus into a question asking for the optimal risk allocations given a well-
defined objective function and constraints, the analogy with the traditional
asset allocation approach in portfolio optimization is immediately observable.
If we are only concerned with risk concerning asset prices and allocating
it in an optimal way to compose a portfolio (note that optimal here might have
a different meaning, depending on an investor’s objectives and preferences),
then it becomes clear that we are not factoring in the expected return of the
assets. As the estimation of future returns has proven to be a notoriously dif-
ficult task, some research has been done in the direction of developing optimal
portfolios from a risk budgeting perspective.
The concept of risk in the setting of investment management and port-
folio construction has to be well-outlined before attempting to understand the
problem and obtain optimal solutions. Lee and Lam (2001) outline two dif-
ferent types of risks concerning portfolio choice, and more specifically, asset
returns: statistical risk and information risk. The authors point to the stan-
dard deviation as the default measure of what they call statistical risk of the
asset returns in the mean-variance framework, as well as the standard measure
used in industry – the tracking error. With regards to information risk, they
define the hit rate as the percentage of times the returns are positive, and the
information ratio as the well-known fraction of active return to the tracking
error. Litterman (1996), on the other hand, provides a more detailed overview
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of the commonly used statistical risk measures. Volatility, or standard devia-
tion, is advantageous because it is somewhat observable, at least for past data.
However, it does not provide information about what to be prepared for in a
rare event, or what these rare events might mean. It is Value at Risk (VaR)
that takes an advantage there, and although not easily verifiable in data from
the real world, it attempts to assign numerical values to rare market events.
Research on alternative methods outside the mean-variance framework has
seen the use of the measures of risk mentioned herein, as well as others.
3.2 Risk Budgeting Portfolios
A standard formulation of a risk budgeting portfolio is provided by,
among others, Bruder and Roncalli (2012). Given a portfolio of n assets x =
(x1, ..., xn), the weight of the i-th asset xi, and some coherent and convex risk
measure R(x1, ..., xn), the following Euler decomposition holds:









RCi(x1, ..., xn). (3.1)
The decomposition above means that the total risk of the portfolio, as given
by the risk measure used, is the sum of the risk contributions coming from
individual assets, where the risk contribution of the i-th asset is denoted by
RCi.
To completely specify our risk budget and apply the heuristic for port-
folio choice, we take a certain set of risk budgets for each asset: {b1, ..., bn}.
To construct a risk budgeting (RB) portfolio, for the i-th asset we would have
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a linear equation of the form




and we would have to solve the system of non-linear equations in order to
obtain the correct weights x = (x1, ..., xn).
In the case of the volatility risk measure
R(x) = σ(x) =
√
x>Σx, (3.3)
for which one can verify that it satisfies the decomposition (3.1), the system
of linear equations will have equations of the form




3.3 Risk Budgeting Optimization Heuristics
There have been numerous approaches to obtaining the optimal risk
budgeting portfolio. One of the heuristics proposed was outlined by Blitz and
Hottinga (2001), where the tracking error is used as a risk measure. After
defining the tracking error as the annual standard deviation of the return dif-
ferences of a portfolio and its benchmark index, the authors introduce four
partial tracking errors based on four different investment decisions. The total
tracking error is then taken to be the one resulting from considering all these
investment decisions.
To come up with an optimal tracking error allocation, or optimal allocation
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of risk, the authors suggest three steps. Firstly, independent investment de-
cisions are made. In a probabilistic sense, this means that we split up the
investment opportunities such that the returns from each one are independent
of the returns of the others. Next, we obtain the forecasting capabilities for
each investment decision and we rank them. Quantitatively, the forecasting
capabilities are defined as information ratios, which is the ratio between the
expected out-performance and the tracking error. This is somewhat analogous
to the Sharpe ratio if we were to use the return volatility as the risk measure.
In the last step, the authors propose allocating the tracking error proportional
to the information ratios for each investment decision.
The analysis and methods used in this writing are, as the authors suggest,
susceptible to personal belief, which comes through the calculation and use of
expected information ratios to allocate tracking errors. The method appears
to be straightforward to implement but to calculate expected information ra-
tios, we would still need to involve expected returns. Thus, it appears that
this risk budgeting heuristic goes back to the use of expected return, whose ab-
sence was the reason to adopt the approach in the first place. An assumption
that might not be valid in some settings is the independence of the returns for
different asset groups. If we are looking into securities within an asset class,
then the assumption taken into consideration becomes unrealistic.
Lee and Lam (2001) extend the simple heuristic provided by Blitz and
Hottinga (2001), by considering a correlation matrix between different asset
classes or assets. The impact of the correlation between assets and the un-
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certainty of the estimate of the information ratio is studied in more detail
by Molenkamp (2004), where examples are provided where the realized val-
ues differ significantly from the estimated ones. A shortfall constraint is then
introduced into the model, such that a minimum required return is imposed





As was discussed in the previous chapter, in a general risk budgeting
setting, we assign specific risk budgets for each asset being considered for the
portfolio choice, {b1, ..., bn}. A special case of this heuristic are equal-risk-
contribution (ERC) portfolios, sometimes referred to by the term risk parity.
To define this portfolio properly, one has the define what risk contribu-
tion by a specific asset is. Following (3.2) and the discussion in the previous
chapter on risk budgeting, the risk contribution of the i-th asset to the overall
risk of the portfolio would be given by




where x = (x1, ..., xn) is a portfolio made up of n assets, and R(·) denotes the
risk measure being used. The Euler decomposition outlined in (3.1) holds for
the overall risk of the portfolio, R(x1, ..., xn).
As the name suggests, the risk contributions from all assets are to be
equal in an ERC portfolio. Following the work of Maillard et al. (2010), the
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ERC portfolio can be written as
x∗ =
{
x ∈ [0, 1]n :
∑




If we take the risk measure to be the volatility of the portfolio, the risk contri-




x ∈ [0, 1]n :
∑
xi = 1, xi(Σx)i = xj(Σx)j ∀i, j
}
, (4.3)
where Σ ∈ Rn×n is the matrix of covariances between individual asset prices.
4.2 Two Popular RP Portfolios
Explicit solutions to two special cases of the general ERC portfolio are
presented by Maillard et al. (2010), with volatility as the risk measure.
The first case is when there are two assets (n = 2). In this case, the
optimal portfolio is described by
x∗ =
{
x ∈ [0, 1]2 : x1 + x2 = 1, x1(Σx)1 = x2(Σx)2
}
. (4.4)
Denoting the volatility of the assets by σ1 and σ2, and the correlation between















While it is impossible to obtain the explicit form of the solution for a general
case with n > 2 assets, another special case can be considered. If the cor-
relation between all assets are assumed to be equal, ρij = ρ, ∀i, j, then the
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optimal ERC portfolio can be computed to obtain the explicit form:










For these two special cases, it is interesting to note that the solution does not
depend on the correlation between assets. While the assumption required for
the special case might be unrealistic, the correlation does not play a factor in
the case with only two assets either.
4.3 RP Portfolios versus Popular Heuristic Ones
A commonly used heuristic portfolio is the equally weighted portfolio.
As the name suggests, the allocation between different assets is equally spread
out, and it is common to refer to this portfolio as the “1/n” portfolio. Following
out previous notation, the equally weighted portfolio is fully characterized by
x∗ =
{
x ∈ [0, 1]n :
∑






and there is no need of any optimization or solving. The work by DeMiguel
et al. (2009) demonstrates that because of the errors in estimation of volatility
and expected return of assets, this seemingly näıve strategy can outperform
more sophisticated approaches, such as mean-variance optimization. However,
Kritzman et al. (2010) go against this view and point to the small historical
sample used for estimating returns and volatility as the reason behind the
former conclusions. The assumption that an investor would take such a small
historical sample for parameter estimation is labeled as an unrealistic one by
the authors.
28
Another heuristic portfolio is the minimum-variance portfolio, where
the goal is to obtain asset allocations that would minimize the variance of the
entire portfolio. This is similar to the mean-variance portfolio, except there
is no incorporation of the expected returns of different assets. The minimum-








xi = 1 ∀i
}
. (4.8)
Scholars have studied this portfolio extensively, as it appears that because it
only minimizes variance without considering expected returns, it is more ro-
bust to errors in predicting future returns.
Clarke et al. (2006) look at the US equity markets, and conclude that while
minimum-variance portfolios appear to be more robust when not incorporating
expected returns, they do show signs of value bias and small-size bias. These
can be controlled using different methodologies, and the authors mention im-
position of factor neutrality constraints through stock characteristics or factor
return sensitivity.
There are other more analytic results for the minimum-variance portfolio pre-
sented by Clarke et al. (2011). An explicit solution for the optimal portfo-








where σ2MV is the ex ante variance of the minimum-variance portfolio, σ
2
i is
the (ex ante) idiosyncratic return variance for asset i, βi is the ex ante market
beta for asset i, and βLS is the long-short threshold beta. In this setting,
it is thus shown that the allocation weights depend on two individual asset
29
parameters and two parameters related to the entire portfolio. In long-only
minimum-variance portfolios, it is demonstrated that 80%-90% of portfolio
risk is systematic.
An interesting direction to explore is the relation between the risk parity
portfolio and the heuristic portfolios provided above. Let us take into account
the formulation and result provided by Maillard et al. (2010). First, we con-
sider the following formulation of the optimal portfolio for some quantity c,











. It is clear that if we take c = −∞, then the first constraint disappears,
and we end up with the minimum-variance portfolio: x∗MV = x
∗(−∞). On
the other hand, if we take c = −n ln(n), then the solution is the equally
weighted portfolio, x∗1/n = x
∗(−n ln(n)). Because of the Jensen inequality and
the constraint 1>x = 1, we also have
∑n
i=1 ln(xi) ≤ −n ln(n). Noting that if
c1 ≤ c2 then σ(x∗(c1)) ≤ σ(x∗(c2)), for the case with c ∈ (−∞,−n ln(n)], we
can conclude that
σMV ≤ σ(x∗(c)) ≤ σ1/n. (4.10)
By applying the Lagrange method and solving problem (4.9), it can be readily
shown that risk contributions are the same for all assets (look at Maillard et al.
(2010)). Thus, we can write the previous expression as
σMV ≤ σRP ≤ σ1/n, (4.11)
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and conclude that the overall risk of the risk parity portfolio (when using
standard deviation as the risk measure) is always bounded between that of
the minimum-variance and the equally weighted portfolios.
4.4 RP Portfolios versus the Mean-Variance Portfolios
Generally, risk parity portfolios are fundamentally different from tra-
ditional Markowitz portfolios because they do not include expected returns.
This is the main strength of the risk parity approach. However, as Roncalli
(2014) points out, some investment managers consider this a drawback, as
potential returns of risk parity are not directly observed ex ante.
An extension to risk parity is possible through introducing expected
return, as outlined by Roncalli (2014). The traditional Markowitz portfolio








which can also be expressed as
x∗(c) = argmin {−π(x) + c · σ(x)} , (4.13)
where π(x) = x>µ− r and σ(x) =
√
x>Σx are the risk premium and volatility
of the portfolio.
The way in which we can bring risk parity closer to mean-variance
optimization is by considering the objective above as a risk measure,
R(x) = −π(x) + c · σ(x), (4.14)
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which is referred to as the Markowitz risk measure by Roncalli (2014). Taking
π to be the vector of risk premiums for the assets and asset returns to be
normally distributed R ∼ N(µ,Σ), we can also rewrite the measure as follows:
R(x) = −x>π + c · σ(x). (4.15)
This is different than the risk measures discussed previously, because it in-
cludes not only a risk or volatility dimension, but it also incorporates a per-
formance dimension by considering the risk premiums. The risk contribution
from each asset is of the weighted form
RCi = (1− ω)PCi + ωVCi, (4.16)













It is interesting to note how the weight ω depends on the scaling factor c. As
we increase c towards∞, ω tends to 1, which in turn means that the portfolio
that we have defined above converges to a traditional Markowitz portfolio.
When c = 0, we have ω = 0, and the portfolio only optimizes for expected
return. There is a singularity around the value c = π(x)/σ(x), which is the
Sharpe ratio of the portfolio.
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Through the examples provided by Roncalli (2014), it appears that in
this setting, it only makes sense to use the risk budgeting approach when the
scaling factor is above a certain value. The two approaches remain distinct, and
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